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1/4 BPS solutions in massive IIA supergravity 

Yosuke ImamuraB 
Department of Physics, University of Tokyo, Tokyo 113-0033, Japan 

We study four kinds of 1/4 BPS solutions in massive IIA supergravity corresponding 
to D8-D0-F1, D8-D2, D8-D4 and D8-D6-NS5 systems. We show that these solutions are 
' reproduced without making nontrivial assumptions by using supersymmetry conditions. D8- 

I D2 and D8-D4 solutions are represented by harmonic functions, as usual, while the other two 

, are represented by solutions of non-linear differential equations. Because these four solutions 

can be treated in ahnost identical ways, we mainly focus on the D8-D6-NS5 systems. We 
first discuss D6-NS5 solutions with uniform mass parameters. Then, we introduce D8-branes 
as domain walls by connecting two solutions with different values of the mass parameter. 
We also discuss boundary conditions and supersymmetry on domain walls. 
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§1. Introduction 
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. Dualities between string theories and gauge theories are important subjects in 

! the recent development of string theories. Because gauge fields reside on branes, 

' we can investigate dynamics of gauge theories by studying brane configurations in 

f-*) . a certain limit in which decouples gravity is decoupled. In this framework, classical 

solutions in supergravities play important roles. By analyzing the geometry of the 
solutions, we can study non-perturbative dynamics of gauge theories realized on 
branes in the background. 

In this paper, we study four kinds of 1/4 BPS solutions including D8-branes: 
D8-D0-F1, D8-D2, D8-D4 and D8-D6-NS5 solutions. Because we can treat them 
. in almost the same way, we mainly focus on D8-D6-NS5 systems. In the context 

of supergravity, D8-branes are regarded as domain walls separating regions with 
different values of the mass parameter m, whose square is the cosmological constant. 
Therefore, when we treat D8-branes in supergravity, we should necessarily study 
\ classical solutions in the massive IIA supergravity proposed by Romans EP. 

Ordinary BPS solutions consisting of n kinds of branes are represented by n 
harmonic functions. As specific such examnles, D8-D2 and D8-D4 solutions are 
represented by two harmonic functions. S'l^'S' However, as is mentioned in Ref.^), 
D8-D0-F1 and D8-D6-NS5 solutions have different structure. A reason for this is 
as follows. One important feature of massive IIA supergravity is the correlation be- 
tween charges of different kinds of branes. In massive backgrounds, DO-branes and 
NS5-branes cannot exist by themselves. They are always accompanied by fundamen- 
tal strings and D6-branes, respectively. Let us discuss the NS5 and the D6-brane 
charges. These charges are defined as sources of the NS-NS 3- form field strength 
H-i = dB2 and the R-R 2-form field strength G2 = dCi + mB2, respectively. The 
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gauge transformation of B2 also transforms the Ci field: 

5B2 = dAi, 6Ci = -mAi. (1-1) 

By this gauge transformation, we can always gauge away Ci, and the action given in 
Ref.|l]) does not contain the field Ci. We, however, do not eliminate Ci in order to 
allow investigation of the m = case simultaneously. The Bianchi identity for the 
field strength G2 is 

dG2 = mHs. (1-2) 
If we introduce the D6-brane charge density as poe = dG2 and the NS5-brane charge 



density as /Ons5 = dH^, we see from (1^2) that these are related by 



dpB6 = mpNSS- (1-3) 

Mathematically, these charges are classified as gerbesi^. Due to this correlation of the 
charges, a massive D6-NS5 solution is represented by only one function determined 
by the D6-brane charge density pue- We will explicitly show that this is indeed the 
case. 

The relation ( |1-3| ) is closely related to the Hanany-Witten effect HP. If an NS5- 
brane moves from a region with a mass parameter m = mo to a region with m = 
mo + 1, the number of D6-branes ending on the NS5-brane changes by 1, and a new 
D6-brane stretched between the NS5-brane and the D8-brane must be generated. 

Almost all of these solutions are already known. A large class of intersecting 
brane solutions, including D8-D2 and D8-D4 solutions, are constructed in Refs.13 
and&. The D8-D0-F1 solution presented in this paper is essentially equivalent to 
what is obtained in Ref.^). D8-D0-F1 and D8-D6-NS5 solutions are also constructed 
in Ref.^) for a special case. 

This paper is organized as follows. In Section |2|, we present a D6-NS5 solution 
of massive IIA supergravity with a uniform mass parameter. A derivation of the 
solution is given in Section |3[ There, we find a 1/4 BPS classical solution by means 
of supersymmetry conditions, which guarantee the existence of unbroken rigid super- 
symmetries. In section ^, we discuss the construction of D8-branes as domain walls 
by connecting two solutions with different values of the mass parameter. We also 
discuss the BPS condition on domain walls. Several concrete examples are given in 
Section ||. We briefly discuss a D8-D0-F1 solution in Section I and D8-D2 and D8-D4 
solutions in Section ^. The last section is devoted to discussions. Our conventions 
and notation are summarized in Appendix A. 

§2. D6-NS5 solution 

In this section, we give a supergravity solution representing a system with NS5- 
branes along the x^, . . . directions and D6-branes along the direc- 
tions. This system preserves 1/4 supersymmetry specified by 

r^e = e, r^'^Tne = e. (2-1) 
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In addition to these two kinds of branes, we can add D8-branes perpendicular to 
the z direction while maintaining the 1/4 supersymmetry (Table |). From the view- 
point of supergravity, D8-branes are regarded as domain walls separating regions 
with different values of the mass parameter. We first discuss solutions with uniform 
mass parameters and later consider connecting different solutions to make domain 
wall solutions. We assume Poincare symmetry along the (i = 0, . . . , 5) directions, 

Table I. 1/4 BPS configuration consisting of D8, D6 and NS5-branes. 
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rotational symmetry and parity symmetry in the {r,9^,9'^) plane, and the 1/4 su- 
persymmetry given by (2-1). As we show in the next section, any solution possessing 
these symmetries can be written in the form 

ds^ = S-^/^r,ijdx'dx^ + KS-^/^dz^ + KS^/\dr^ + r'^dQl), (2-2) 
= g,,,K^I'S'^'\ (2-3) 

Gg.e^ = VTtT' (2-4) 

5str or 

dK d 
H,e^e^ = -r'^—, = r^^— (2-5) 

where S and K are functions of z and r. We write the metric on the unit as 

dO^ = ^g^gndO'^de''. (m, n = 1, 2) (2-6) 

The quantity 7 in (2-4) and (2-5) is the determinant of jgmgn. (We use the symbol 
0™ to represent both an index for angular coordinates and the angular coordinates 
themselves.) If we introduce the dual fields C7 and Bq by 

G2 = -*dC7, H3 = -e^'^ *{dBQ-mC7), (2-7) 

Eqs. (2-4) and (2-5) can be replaced by simpler ones: 

Coi23452 = a' -^012345 = o • l^'^) 

The function S is a solution of 

^35 + ^^52 = 0, (2-9) 
where is the Laplacian in the {r,6^,9'^) plane defined by 

^3 = ^Ir^l. (2-10) 

The '"-derivative terms are absent because we consider only rotationally symmetric 
solutions. 
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The functions S and K satisfy the relation 

dS 

mgstrK = —. (2-11) 

When m 7^ 0, we can determine the function K by this equation. This corresponds 
to the fact that the NS5-brane charge density in massive backgrounds is uniquely 
determined by the D6-brane charge density. 

If m = 0, Eq. ( ^-lll) implies that S is independent of the coordinate z, and the 
differential equation (|2-9|) is solved by 

5 = 1 + ^^. (2-12) 

Because we can put NS5-branes in massless backgrounds without changing the D6- 
brane charge density, we need to determine the function K separately by solving the 
Laplace equation 

A^K + S-^K = 0. (2-13) 

This equation is formally obtained from ( p-9p by differentiating it with respect to z 
and taking the limit m ^ 0. 

§3. Derivation of the solution 

In this section, we derive the D6-NS5 solution given in the previous section. We 
assume that the solution possesses Poincare symmetry on (x^,...,x^), rotational 
and parity symmetry on {r,9^,6'^), and 1/4 supersymmetry ( |2-1| ). We can take the 
metric in the form 

ds'^ = f{r, z)r]ijdx'dx^ + g'^{r, z)dz'^ + h^{r, z)dr^ + p^{r, z)dQl. (3-1) 

On any two-dimensional surface a locally orthogonal coordinate system can be de- 
fined, and we have adopted such a coordinate system on the z-r plane. Non-zero 
components of the spin connection in the spacetime with the metric (^jj) are 

= h. =^ El ^=!H 

f y r 

_ 1^ 

where hatted indices are local Lorentz indices. Here oj^kjQm'gn is the spin connection 
on the unit made from 7mn- A local Lorentz frame is chosen so that the vielbein 
becomes diagonal. We use subscripts to represent derivatives (i.e. = d^f = 
e'^zf). 

By the symmetries we have assumed, the only non-zero components of the 2-form 
fields are 

Be^e-i = Vlb{z,r), Ggig2 = ^c{z,r). (3-3) 
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Bzr and Gzr are forbidden by parity symmetry in the (r, 6^,0"^) plane. If m = 0, the 
function c is a constant, due to the flux conservation law. If m 7^ 0, we can eliminate 
the R-R 1-form field Ci by a i?-field gauge transformation, and the two functions in 



(3-3) are related by c = mb. We do not use these facts at this point, in order to allow 
investigation of the massless case and the massive case simultaneously. Although the 
potential Bmn does not have to be invariant under the SO (3) rotation along 6"^, we 
can use a gauge with an SO (3) invariant potential. 



Substituting (3-1) and ( |3-3| ) into the equations of motion for massive IIA su- 
pergravity liP and solving them, we would obtain classical solutions. However, the 
equations of motion are second-order differential equations, and they are not easy 
to solve. Because we want BPS solutions, we can use the supersymmetry conditions 
^i^m = 5A = instead of the equations of motion. They are first-order differen- 
tial equations, and it is quite easy for us to solve them. Therefore, we use the 
supersymmetry conditions to obtain the classical solutions. The supersymmetry 
transformation laws of the fermion fields arellP 

JVm = D^e - -l-Hmnpr^Tiie + ^(?r„e, (3-4) 
4-2 o 



5\ = r^Dme - idm<P)r"'e - -^gAie, (3-5) 



up to 3- fermion terms. (For our conventions and notation, see Appendix ^.) 

Let us fix the z direction and the r direction in the z-r plane using the super- 
symmetry parameter e. We have assumed that the solution is 1/4 BPS. In the limit 
in which all brane charges vanish, e becomes a constant spinor satisfying ( ^T[ ) in the 
flat spacetime. Thus, e for a curved solution must satisfy the conditions 

v-r^e = e, w-r^'"'"r'h = e, (3-6) 

where v and w are vector fields in the z-r plane satisfying the ortho-normal conditions 
f ^ = u)^ = 1 and v-w = 0. We choose the directions of these two vectors as the z axis 



and the r axis. Then, the parameter e satisfies (24) at any point in the spacetime. 



The parameter e of supersymmetry transformations can be decomposed as 

e = s{z,r)eo{9n, (3-7) 

where s and eo are a scalar and a spinor function, respectively. Due to rotational 
symmetry, the angular part eo must coincide with that of a constant spinor on a flat 
spacetime, which satisfles 

= Df^^eo = V^^eo + ^r^^^eo, (3-8) 



2p 



where is the covariant derivative on with radius p, which does not include 
the contribution of the component ujgi_gjj. of the spin connection. We can use Eq. 
|) to eliminate ^''"-derivatives of e in the supersymmetry conditions. 
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Substituting these expressions into the supersymmetry conditions, we obtain five 
independent equations: 

r^*, = (S . + (i| + - ^-l) = 0, (3.10) 
r^*.-f^^i-i| + 4™V+f--44V^-o, (3.11) 



+ f^ + 3^ + ^^ + ^-<Ap-- + 7^V^^ = 0- (3-13) 
Vs f 2g p ^ p Ap^J 

For the solution to maintain 1/4 supersymmetry, the coefficients of e and in these 
equations should vanish individually. This gives the following ten equations: 

fr Iche't' 



--mge^, ^ = (3-14) 



Sz ^ A, Sr 1 c/ie«^ 

— = -^rnge^, — = (3-15 

s 8 s 8 p"^ 



Pz _^Wg I s Pr_h Ibzh Iche't' 



o7r^~7'^5^' "^^^ = + (3-17) 

2 np^ 4 2 4 



/i^ _ 1_M _ 1 
h ~ 2hp^ 4 



2 7"^5e^ (3-18) 



5r 

g 2gp^ ' A p 



To fix the ambiguity of reparameterization as (const)x*, we impose the 

boundary condition 

f = g = h = s = l, e'^ = gstr atP (3-20) 

on these functions, where P is a specific point in the spacetime, which we can choose 
arbitrarily. Although P is ordinarily taken to be infinity, we do not do so here, 
because the solutions we obtain are not asymptotically flat. 

Comparing (3T4) and (3T5), we find that / is proportional to ■s'^. The constant 
factor is fixed by the condition ( |3-20| ), and we have f = s^. Next, we can fix the 
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freedom of reparameterization of the coordinate r by setting p = rh. This is always 
possible on a specific line of fixed z in the z-r plane, and if we use such coordinates 
at some z, the relation automatically holds for all z, because of the equation 

d.{p - = - {^ae"^) (P - ^h), (3-21) 

which we can obtain from (3-16) and (3-18). Through this coordinate fixing, hr is 
obtained from (3-16) as 

I K Ice't' , , 

/i. = --^-- — . 3-22 

Furthermore, we have the relation 

_ Sfi - = - 8^ - ^ = 0. (3-23) 

s h s h 

Thus, we can set e"^ = g^trhs^ ■ The r-derivatives of the functions h, g and s satisfy 
the relation 

^ _ 4£!: _ = 0. (3-24) 
g s h 

This implies that g/{hs'^) depends only on the coordinate z. By a reparameterization 
of the coordinate z, we can set g = hs^. Now, /, p, and g are represented by two 
functions, h and s. Finally, we define the functions S and K by 

K = h^s\ S = s-^ (3-25) 

Then we obtain the following differential equations for K and S: 

Sz = mgstrK, Sr = -^^, (3-26) 

iKS), = ^, Kr = -\ (3-27) 

The relations (3-26) are the same as (2-4) and ^A% , and (3-27) reprod uces the NS- 
NS 3-form field strength (2-5). Using (3-26), we can eliminate the function K from 
(3-27), and we obtain 

-^(c. - mh,) = 0, (3-28) 

(3.29) 

Because of the Bianchi identity d{G2 — rnB2) = ddCi = 0, the left-hand sides of 
these equations vanish. Therefore, Eqs. (3-28) always holds, while Eq. (3-29) gives 



§4. D8-branes as domain walls 



In this section, we construct D8-branes as domain wall solutions by connecting 
two solutions with different values of the mass parameter. We distinguish quanti- 
ties in the two regions by the labels and '— ', indicating quantities on the +z 
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and —z sides of the wall. For example, mass parameters in the two regions are 
denoted by rrS'^^ and rrS~\ Because the mass parameter jumps by one on each 
D8-brane, a domain wall made of two solutions with m^~^^ and rrS-^'> is identified 
with = — (m(+) — m^"-*) coinciding D8-branes. By looking at the z dependence of 
the gravitational potential / in (3-14), we find that > {N < 0) corresponds to 
positive (negative) tension branes. 

From the equations of motion, we obtain several boundary conditions on a do- 
main wall.cl) From the equation of motion of the background metric, we obtain the 
condition that the induced metrics gm2 on the boundary made of the metrics of two 
regions should coincide up to reparameterization. Let us parameterize the domain 
wall world volume by the coordinates (x*,r, 0™). The shape of the domain wall is 
specified by a function z = z{r). There are two sets of worldvolume coordinates 
defined by the coordinates on both sides of the domain wall. The coordinates x* and 
9"^ are common to the two regions, and the following (+) and (— ) components of 
the induced metrics should coincide: 

alf = (4.1) 

Precisely speaking, g^^^ and g^j ^ can differ by a constant factor. Here we take 
the point P on the boundary, and then the constant becomes 1. According to the 
equation of motion of the dilaton field, it should also be continuous at the boundary, 
and two values 

e2<^'*' =52^^if(±)5(±)-3/2 (4.3) 

should coincide. From the continuity of gij and (p, we find that K and S are also 
continuous. The condition for gemQn implies that the coordinates and take 
the same values on the boundary. Therefore, the grr components of the induced 
metrics, git"^ and gir\ 

~git^=KS'/' + KS'y' =KSy'^-^, (4-4) 

\ ar I cos^ (p^^i 

should coincide. Here is the gradient angle of the boundary in the z-r plane 
defined by 

i.«i<|. («) 

The coincidence of these quantities requires the coordinate z^^^ to also be continuous 
at the boundary. 

From these facts, the two sets of coordinates {x'^^^\ z^^\r^^\9'^^^'^) on the 
domain wall coincide, and the shape of a domain wall separating two regions is 
determined by 

K^+\z,r) = K^-\z,r), S^^\z,r) = S^-\z,r). (4-6) 

In general, these two equations give different curves in the z-r plane. This implies 
that two such solutions cannot be connected by a domain wall. To obtain a domain 
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wall solution, we need two solutions satisfying the two equations in (4-6) on a single 
curve in the z-r plane. 

Unlike the metric and the dilaton field, the field strength G2 is not continuous 
at the boundary. Its boundary condition is obtained from the equation of motion of 
the R-R 7- form field C7. The action of C7 is 

S f fl 



27r 



j Qgs a *G8 + N5i Cr^ , (4-7) 



where .F2 = -F2 + B2 and 61 is the 1-form (5-function representing the worldvolume 
of N coinciding D8-branes. We have assumed that the U(A^) field strength on the 
branes is proportional to the N x N unit matrix. The equation of motion for C7 is 

dG2 = -N6iAT2, (4-8) 



where G2 = *G8 is the field strength of the 1-form R-R field. Integrating ( ^-81 ) in an 
infinitesimal interval containing the D8-branes, we obtain the boundary condition 

-1^{G^+^ -Gi'^)=T2, (4-9) 

where the tildes indicate the pullback onto the D8-branes. Let us check the super- 
symmetry of this domain wall solution. The fact that dz^^^/dr and dz^^^/dr, or 
equivalently, the gradient angles (f^^^ and yj^"-* of the boundary, defined in the two 
regions take the same value implies that the local Lorentz frame can be connected 
smoothly on the boundary. Therefore, the parameter e defined by the condition ( |2-1| ) 
is defined continuously, and this domain wall solution, excluding the boundary itself, 
is a BPS configuration. 

For the boundary itself, we should check the BPS condition separately, using 



analysis similar to that for Blon configurations in Ref.lC). In our system, only one 
component, Tqi^-i, of the U(l) gauge field can be non-zero, because of the symmetry 
which we have assumed. The BPS condition for the D8-brane is 

(cos (pF^ + sin 99 r^) (cos ip + sin ipr^j^-^^^ri)^ = (4- 10) 

where we have introduced the angle by 

tanV = .F-,-2, 1^1 <|. (4-11) 
For any e satisfying the condition ( pT[ ) also to satisfy this equation, the relation 

V;-V = (4-12) 
must hold. We can show that this condition is satisfied on the boundary of our 



domain wall solutions as follows. Differentiating the second equation in (4-6), we 
obtain 

(5i+) - Si-^)dz + (5^+) - Sl-^)dr = 0. (4-13) 
With the relations (2-4) and ( p-ll| ), this can be rewritten as 

1 dZ ^1^2 _ ^ 



51/2 dr m(+) - m(-) 
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Using Eq. ( [4-5[ ) and the boundary condition ( [4-9D , this is reduced to 

tan (p — tan ^ = 0. (4' 15) 

Taking account of the fact that \ip\, \ip\ < vr/2, this is equivalent to the BPS condition 

(El). 

Before ending this section, we would hke to mention orientifold planes. Solutions 
including (positive tension) D8-branes always have singularities with S* = located 
at a finite distance in the z-direction. On the singularities, the dilaton field diverges, 
and we cannot treat them perturbatively. To avoid them, we can use orientifold 
8-planes. In the context of supergravity, we can regard 08-planes as 8-branes with 
negative tension positioned at fixed points under the mapping z ^ —z whose Z2 
symmetries are as listed in Table II. Due to this Z2 symmetry, the field strength G2 

Table II. Intrinsic parities of the bosonic fields under the Z2 action associated with orientifold 
8-planes. 

gmn B2 (f) Go G2 G4 Ge Gs Gio 

+ ~ + - + ~ + ~ + 



on the two sides of an orientifold plane coincide, and the condition (|4-9| ) is satisfied 
if ^2 = 0. This is consistent with the fact that there is no gauge field on orientifold 
planes. 



§5. Examples 



We now give several concrete solutions below as examples. 

5.1. Massless solutions 

Massless solutions are specified by two independent functions K and S associ- 
ated with NS5-branes and D6-branes, respectively. These functions are solutions of 
differential equations ( |2-g| ) and ( p-13 ). The function S is determined easily as ( ^-121 ). 



There are several cases in which we can also obtain the function K analytically. 

5.1.1. The case of pure D6-branes 

A configuration consisting of only coinciding D6-branes is given by 

K = l, 5 = 1 + ^^, (5-1) 
47rr 

where Qq is the D6-brane charge. 

5.1.2. The case of pure NS5-branes 

If = and 5=1, the differential equation ( |2-13 ) reduces to the Laplace 



equation on the flat R^, which can be easily solved. For example, Q5 NS5-branes at 
z = r = are given by 



(5-2) 
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5.1.3. The case of D6-branes with smeared NS5-branes 

If the function K does not depend on z, (2-13) can be solved easily by 



K = l + ^, S=l + 9^, (5.3) 
47rr Airr 

This represents Q% D6-branes with smeared NS5-branes on them. The constant ps 
is the NS5-brane charge density. 

5.2. Massive solutions 

If m 7^ 0, the function K is uniquely determined by the function S through 
Eq. ( I24TD . This is because the NS5-brane charge density is not independent of the 



D6-brane charge density. Therefore, the solution is specified by only the function S. 
The function 5 is a solution of the differential equation (|2-9D . Because this equation 
is non-linear, it is difficult in general to solve analytically. However, we can obtain 
general solutions order by order in the following way. Let us expand the function S 
with respect to r as 

00 

S{z,r)= V a„(zK- (5-4) 



-1 



By substituting this into ( |2-9| ), we obtain 

1 , 



I Q2 n 

n{n + l)an = ---^^ak-ittn-k-i- (5-5) 
fc=o 



For n = 0, this equation reduces to dla^^ = 0, and no constraint is imposed on the 
function ao. All an with n > 1 can be found in terms of a_i and ao using (|5-5| ) order 
by order. In general, this procedure does not end at finite order. However, there are 
(at least) two cases in which only a finite number of coefficients a„ do not vanish. 

5.2.1. The case of massive D6-branes 

A massive D6-brane solution is given by 

>l/2 I Qegstr 



5 = (l + 2m5str^)V^(^l + :^j. (5-6) 

Even in the massless limit, m — > 0, this does not reproduce the pure D6-brane 
solution. Instead, it converges to the D6-NS5 solution (|5-3D with = ^strQe- If 



= 0, this solution reduces to a solution given in Refs.|ll|)and 12). 
5.2.2. The case of massive D6-branes on a -B 7^ background 

Another kind of massive D6-brane solutions has been obtained by Janssen et 
al.H^ It is the following: 

S = 1 + mgstrZ - -m g^^^r + — . (5-7) 

D 47rr 

The constant Qq represents the D6-brane charge. Even in case Qg = 0, this solution 
does not coincide with ( ^-61) . In particular, the i?-field of this solution becomes 
larger as r grows. Therefore, this is identified with a solution for which the NS5- 
brane charge is put at infinity. 
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5.3. D8-branes 

Following to the prescription given in section ^, we can construct several D8- 
brane solutions. 

5.3.1. The D6-D8 solution 



Let us use two solutions in the form (5^) with different m. The two equations 



( [4 -61 ) are satisfied simultaneously only if Qq^^ — Qe ^ ■ this case, the domain wall 
is the plane z = 0. 

5.3.2. The curved D8-branes 

It is also possible to use the solution ( ^-71) to construct domain walls. Because 
the function K is always 1 in this solution, we can construct domain wall solutions for 
any values of Qg^^ Here, let us discuss a solution with vanishing D6-brane charge, 
Qg^^ = 0. The equation S'*-"'"-* = S''-"-* is solved by 

^ = ^(^{+) + ^(-))^2^ (5.8) 

This is a curved D8-brane soluijon. Curved domain wall solutions have recently 
been discussed in the literature What we have presented above, however, 

is different. In fact, the D8-brane world volume ( ^-Sl ) is curved parabolically, and is 
not Ricchi flat. 

5.3.3. The Blon solution 
As mentioned above, we can use the two solutions (5-7) with arbitrary Qg^^ to 



construct other D8-brane configurations. The curve defined by S^^^ = ^ is 

5str . (+) , 2 Q^t^ — Qe 1 /(. n\ 

z = [m^^'+m^ ')r 7-^ 7-^- — . (5-9) 

6 ^ ^ m(+) - m(-) 47rr ^ ^ 

In particular, if one of the charges Qg^^ is zero and the other is negative, this is a 
supergravity realization of the Blon configurationll3'. 

§6. D8-D0-F1 solution 

Systems consisting of D-particles, fundamental strings along the z direction and 
D8-branes perpendicular to the z direction, are also 1/4 BPS. The unbroken super- 
symmetries are specified by the conditions 

r'e = e, r^^Aie = e. (6-1) 

In Ref.|8|), employing a method similar to ours, the authors represent the solu- 
tion with two functions. In the massive case, however, these two functions are not 
independent, and we can represent the solution using only one function, S. This 
solution is 

ds' = -^^^{dxy + ^dz' + K'/\dr' + r'dQ',), (6-2) 
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Table III. 1/4 BPS configuration consisting of D8, DO and Fl-branes 





z r 










6'-^ 


6^ 




D8 


o o 


o 


o 
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o 


o 


o 
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DO 


o 
















Fl 


o o 

















_^3/4 Y 1 

e^ = <7st.^, Co = ^. Bo. = -. (6-3) 

Here K and S are functions of z and r. If m 7^ 0, the function K is determined by 
the function S through the relation 

dS 

mgstrK = — . (6-4) 
oz 

From the equation of motion of Bqz, we obtain 

1 52 

AsS + --^S^ = 0, (6-5) 



where Ag is the Laplacian in the (r, 0"^) plane: 

I d ^ d 



^ r'^ dr dr ^ ^ 

Note that the corresponding equation in the D6-NS5 system is obtained from the 
Bianchi identities for B2 and Ci. This difference results from the fact that B2 and 
Ci are electrically coupled to the Fl and DO-branes, while they are magnetically 
coupled to the NS5 and D6-branes. 

In the massless case, the function K is determined by 

A^K + S^K = Q, (6-7) 

instead of (6-4). 

By solving ( |6-5[ ) [and ( |6-7| ) in the massless case], we can obtain many kinds of 
solutions appearing in Ref.^). Domain wall solutions are constructed in the same 
way as in the D8-D6-NS5 systems. The connecting conditions are 

i^(+)(z,r) = K(-)(z,r), S^^\z,r) = S^-\z,r). (6-8) 

These two conditions must hold simultaneously on a domain wall. The BPS condition 
on D8-branes is shown to hold as follows. Let us introduce two angles 

1 dz \ \ \ n 

^^^'^=5072^' smV = J^o^, \(p\,\'ip\ < -. (6-9) 



[Note that, in the contrast to the magrietic_component ( 4T1 ), the electric component 
J^-^^ never exceeds the critical value l.Ej^'ElPl The BPS condition is 

<f = 'ip. (6-10) 
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From the boundary condition ( [4-9D , we have 



Or ^(+) _ ^i-) Or V ; 



From the solution represented by ( |6-2| ) and ( |6-3| ), the pull-back of the NS-NS 2-form 
field on the domain wall is found to be 

%=sin(^. (6-12) 

From these equations, we find that Eq. ( |6-10| ) holds. 

§7. D8-D2 and D8-D4 solutions 

There are two more kinds of 1/4 BPS solutions, D8-D2 and D8-D4 solutions. 
The D8-D2 solution and the delocalized D8-D4 solution are constructed in Ref ■^) . 
The localized version of the D8-D4 solution is obtained in |^) and is used in Ref.p!8|) 
for analysis of the fixed points of five-dimensional supersymmetric gauge theories. 
The D8-D4 solution is also obtained in Ref.[l9|) in a different form. The orientation 
of each brane is given in Tables IV and ^ These solutions can be reproduced in a 



Table IV. 1/4 BPS configuration consisting of D8 and D2-branes. 

D8-brane o o 
D2-brane o o 



Table V. 1/4 BPS configuration consisting of D8 and D4-branes. 

x" x' x^ x^ x" z r e'^ 

D8-brane ooooo oooo 
D4-brane ooooo 

manner similar to that used in the previous section. We find the D8-D2 solution to 
be 

ds"^ = H^^^^H^^^'^riijdx'dx^ + Hl^^H^^^^dz^ + H^^'^ hI''^ {dr'^ + r'^dQl), (7-1) 

— ffstr-Hg H2 , — —, {(■^) 

9'str-n2 

and the D8-D4 solution to be 

ds^ = H~^^^H~^^^riijdx'dx^ + Hl^^Hl^^dz'^ + H^^^^ hI^^ {dr^ + r^df2i), (7-3) 

e'f' =gstrHs''^^H~'^\ C01234 = ^TT' (^'^^ 

9str-n4 

where the 5-form R-R potential C5 is defined by dC^ = — * G4. Both of these 
solutions can be written in terms of two harmonic functions, and H2//1. The 
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function is associated with D8-branes and depends only on the coordinate z. It 
satisfies ^ 

—Hs{z) = mgstr- (7-5) 
az 

H2 and H/j^ are harmonic functions associated with the D2-branes and D4-branes, 
respectively. They are solutions of the Laplace equations 

A-rH2{r) = 0, AiHi{z,r) + j^^Hi{z,r) = 0, (7-6) 

where Aj and Z\4 are the Laplacians in the (r, planes. Because we assume 
rotational symmetry, these include only r-derivative terms: 

A, = -—r<' — , A^ = -—r^ — . (7-7) 

Because of D2-brane charge conservation, H2 does not depend on r, while is a 
function of both z and r. 

D8-branes are again introduced as domain walls separating regions with different 
values of m. The matching conditions on the walls are 

o'{+) _ tt(-) ffi+) _ H-(-) (7 Q\ 



Because is a function of z, the solution for the first condition in ( [7- 81 ) is z = 
(constant). The condition for H2 implies that the D2-brane charge does not vary on 
D8-branes and that D2-branes cannot end on D8-branes. 

Unlike the D8-D0-F1 and D8-D6-NS5 cases, the differential equations for H2 
and are linear. This may be related to the fact that brane creation through the 
Hanany-Witten effect does not occur in D2-D8 or D4-D8 systems. 



§8. Discussions 



In this paper, with the help of supersymmetry conditions, we construct four 
kinds of 1/4 BPS solutions in massive IIA supergravity: D8-D0-F1, D8-D2, D8- 
D4 and D8-D6-NS5 solutions. In obtaining these solutions, we assumed rotational 
symmetries in the (r, 0"*) planes. Considering the solutions we have obtained, we 
can easily guess that more general solutions without rotational symmetry may be 
obtained by replacing the Laplacians ( pT[l| ), ( |6-6| ) and ( [7-7[ ) by the full Laplacians. 

Among the four solutions, the D8-D2 and D8-D4 solutions are represented by 
two harmonic functions associated with the two kinds of branes in each solution. 
However, the other two solutions, consisting of three kinds of branes, have different 
structure. In massive regions, each of them is represented by only one function, 
which is a solution of a non-linear differential equation. This difference is related to 
the correlation of brane charges in massive IIA supergravity. 

The supergravity solutions we have discussed may be used for analysis of dy- 
namics of gauge theories. Here, let us discuss the application of the D8-D6-NS5 
solutions. It would be possible to study three- and two-dimensional gauge theories 
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using the D2-brane probes in our solutions. We can position D2-branes along x , x 
and z directions in the D8-D6-NS5 solution as probes. The energy density of this 
D2-brane is 

27r , 27r , , 

—rV-9oo9n9zz = • (8-1) 

e"^ 9stT 

Because this is constant and independent of the coordinates, the D2-brane is stable 

at any point in the {x'^ , , , x^) plane. 

Many simple solutions included in our solution have been previously used for 
analysis of gauge theories. If we consider a massless background with only D6-branes, 
we obtain = 4 U(l) gauge theory on a D2-brane. If we add an orientifold 6-plane, 
the gauge group becomes SU(2). Nonperturbative properties of these theories can 
be understood by lifting the configurations up to M-theory configurations. EH^'EIP 

In order to study two-dimensional gauge theories, let us compactify the z- 
direction on with period L. If we add NS5-branes as the background, the probe 
D2-brane splits into segments, ending on the NS5-branes, and we obtain Hanany- 
Witten type configurations. This system possesses M = (4, 4) supersymmetry and is 
investigated in Ref.p2[) . When we introduce D6 and/or D8-branes, supersymmetry 
is broken to M = (4, 0). If we introduce only D6-branes and no D8-brane, we obtain 
the gauge theories discussed in Ref . . The moduli space of the Coulomb branch 
of this theory is x S'^/Zq^ x and it is obtained by a D2-brane probe as 

follows. In the static gauge = a^, the Born-Inferd action of the D2-brane in the 
D6-NS5 solution Q is 

f = — (Wf.. + lid.x^f 

2tt gstr V4 2 

+~{d^A, + p,Ae^d^en^ + ^KSid^y-f'^ , (8-2) 

where Agm is a gauge potential on surrounding a monopole carrying unit charge. 
In the small L limit, we obtain the metric on the moduli space as 

^ ^(^^*)2 ^ _9^s{dp^ + p'dQlo ), (8-3) 
where ^ 



dQ'^/Q^ = (2vr)^ ^— + Aer^d^e^j + -dn', (8-4) 

is the metric of the lens space S^/Zg^ and we have introduced the scalar fields 
a = LA;, and p = r^l"^ . This is the moduli space of the Coulomb branch of the (4, 0) 
theoryE2P. If = 1, = (4,4) supersymmetry is restored in the limit L ^ and 
the results of the ^„-type theory in Ref.p^ are reproduced. 

If we introduce D8-branes and 08-planes, we obtain different M = (4, 0) gauge 
theories. An interesting question is what in two-dimensional gauge theory corre- 
sponds to the variety of solutions we have obtained. In particular, the physical 
implication of the existence of the two solutions ( ^•61 ) and (|5-7| ) (and the infinite 
number of solutions interpolating between them) is mysterious. This seems to cor- 
respond to some kind of deformation of two-dimensional gauge theory. The solution 
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(5-7) includes a non-zero i^3, which appears to be the mass deformation of = 4 
theory to = 1* studied in Ref .|25|) . However, this is not the case, because the 
D2-brane can be moved freely in the {x^ , x'^ , x'^ , x^) plane, as mentioned above, and 
corresponding scalar modes do not become massive. Furthermore, we can show that 
the D2-brane is not puffed up into a spherical D4-branec3) in our background. In 
the solution ( ^•71) , even if we introduce a cutoff at some z with orientifold planes, 
there is a singular surface with 5 = at r ~ l/{m?'g1^j.) unless m = 0. In the five- 
dimensional gauge theory on a D4-brane probe discussed in Refs.p7|) and [2^ ), the 
emergence of such singularities is related to the existence of a non-trivial conformal 
fixed point in five-dimensional gauge theories. The singularity in the solution ( |5-7| ) 
may be related to such phenomena. 

Acknowledgements 

The author would like to thank K. Ohta and T. Yokono for discussions. 

Appendix A 

Conventions and notations 

In this paper, we use the convention in which a' = l/(27r)^. This implies that the 
string tension is 27r. For the signature of the metric, gamma matrices and spinors, 
we use the convention used by Romans We redefine the supergravity fields as 
follows. (The superscript "R" indicates that the field in question is that used in 
Ref.|l]).) The Lagrangian is rescaled by LP" = (l/87r)L. The Weyl rescaling of the 
metric and the redefinition of the dilaton field is given by 

9ln = e9mn, 0^ = "^(A, (AT) 

with ^ = exp(— </>/4) = exp((/»^/2). The anti-symmetric tensor fields are rescaled as 

2Fl = Gi = dC3+'^B2AB2, (A-2) 

2Gf = Hs = dB2, (A-3) 
2mBf = G2 = dCi + mB2. (A-4) 

In our convention, the unit of the fiux quantization of these field strengths is 1. The 
relations among the fermionic fields are 

;Jl/2 /I 1 \ c-1/2 



C = ^ y^m - -r„r>„ + -FrnXj , = ^ (A - r"^Vm) ■ (A-5) 

Also, the supersymmetry parameter is rescaled as 

6^^ = ^6. (A.6) 
With these conventions, the Lagrangian is given as a sum of the following parts: 
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+i^2 J_q2 1^1, (A-7) 
2 2 • 2 ^ 2 • 4! ^ ^ ' 

{27Te)-^Lf = Qf'"r"v„V'„ - rVnX - Ixr^VnX^ , (A-8) 

{27rer'LfGf = (-V™r-^r>„ - A^A) , (A-9) 
o o 

-^V'm^g^'AiA - ^A^fgrnA^ , (A-10) 
(27re)~ Ltop = — -G4G4B2 + —G4B2B2B2 — —B2B2B2B2B2 

= —-^G^G1B2 —G\B2B2B2 — ^i?2 -82-82^2 ^2, (A-11) 

where ^3 and (p are as follows: 



^3 — ■^-ffmnp-^'""^, ^ — ""^ + -Gmn-f"™"Al + ^Gmnpq-T™'"'^'^. (A-12) 
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